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Abstract 

We consider a holographic model constructed through using the D4/D8-D8 brane 
configuration with a NS-NS background field. We study some properties of the effective 
field theory in this intersecting brane construction, and calculate the effects of this NS-NS 
background field on some underlying dynamics. We also discuss some other general brane 
configurations. 
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1 Introduction 



The AdS/CFT correspondence proposed by Maldacena is one realization of the holo- 
graphic principle [1]. It means JIB string theory on the AdS^ x gravity background 
is dual to the Af = 4 supersymmetric Yang-Mills field theory in the boundary [2]-[S]- In 
order to use the AdS/CFT method to study more realistic physics, one need to consider 
some necessary properties, such as less supersymmetries, confinement and chiral sym- 
metry breaking in constructing models. It was firstly given some investigations in the 
references [1] and [7j. In [S], Karch et al. introduce fundamental fiavors into the holo- 
graphic models by adding some probe fiavor D-branes. In the quenching approximation, 
the supergravity method is a useful way to study some strong coupling dynamics of the 
boundary field theory. Follow this proposal, many holographic models are constructed 
to study the strong coupling physics by the supergravity approximation [S]-[I1]. If the 
number of fiavor branes is almost equal to the color brane number [Nf ~ Nc), it means 
the fiavor backreaction becomes large, then the quenching approximation isn't reliable 

Now we generalize to consider the color brane background with a NS-NS Bmn back- 
ground field. In string theory, we know that a NS-NS Bhin background field produces 
some non-commutative effects in the field theory on the D-brane world- volume [16], [18] 
and [19]. The strong and weak coupled regimes of these non-commutative effective field 
theory can be analyzed as the same way in [20j . After adding the fiavor D-brane into such 
background, one can obtain some non-commutative QCD-like effective field theory on the 
intersecting region of the brane configuration. Such model was firstly studied in [13]. It 
is interesting to construct some holographic models with a NS-NS Bmn field from string 
theory, and investigate some properties of these models by using the gauge/gravity cor- 
respondence. Then we can understand such NS-NS Bmn background field how to affect 
the underlying strong coupled dynamics of the effective field theory. 

In this paper, we construct a holographic model through using the brane configura- 
tion D4/D8-D8 just like the Sakai-Sugimoto model [I2j. The difference with the Sakai- 
Sugimoto model is now the color D4-branes gravity background with a NS-NS B12 field 
(see appendix). If there only exists a constant NS-NS B12 background, then it will be 
equivalent to turn on a magnetic field on the fiavor brane worldvolume by the gauge in- 
variance. But now except for this NS-NS field, the dilaton and R-R field also include this 
non-commutative parameter b. Thus, it can't be gauged away by add an additional gauge 
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field on the flavor brane. 

Then the effective fleld theory on the intersecting region of this brane conflguration is 
four-dimensional and non-commutative along the coordinates xi and X2- And some strong 
coupled physics of this effective theory can be studied through investigating the dynamics 
of the flavor D8-brane in the D4-brane gravity background. If one don't consider the gauge 
fleld on the flavor D8-brane, then the effective D8-brane action is same as the commutative 
case in [12] . The reason is the non-commutative parameter from the dilaton will cancel out 
with the contribution of the square root part in the D8-brane DBI action. It means that 
this NS-NS Bi2 background fleld doesn't have any effects on the dynamics of the flavor 
D8-brane. But after a magnetic fleld along the Xi and X2 directions is turned on, then 
the non-commutative parameter will combine together with this magnetic fleld, and can't 
be canceled in the effective D8-brane action. Finally, this effective DBI action contains 
the contribution of the NS-NS B12 fleld. And its effects on the chiral symmetry breaking 
and phase transition etc. can be analyzed in details through using the supergravity/Born- 
Infeld approximation. We also investigate a fundamental string moving in the near horizon 
geometry of the black D4-branes. And we calculate the drag force of moving quark and 
the Regge trajectory of mesons in this non-commutative quark-gluon-plasma(QGP), and 
analyze the NS-NS B12 how to influence on these quantities. 

This papers is organized as follows. In the section 2, we flrstly give a brane construc- 
tion, and study the D8-brane dynamics without and with a magnetic fleld in the near 
horizon geometry of the color D4-branes background with a NS-NS B12 fleld. In the sec- 
tion 3, we generalize to study some other brane conflgurations by using the same way as in 
the previous section. Then in the section 4, we study the physics of a fundamental string 
moving through the near horizon background of the black D4-branes with a NS-NS B12 
fleld. The section 5 is some conclusions and discussions. And flnally there is an appendix. 

2 Brane configuration 

We consider a brane conflguration which is composed of D4, D8 and D8 brane in IIA 
string theory. The Nc D4 are the color branes , while the D8 and D8 branes produce the 
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flavor degrees of freedom. Their extending directions of these branes are as follows 

0123456789 
AT, D4 : X X X X X (2.1) 
Nf D8, D8 :xxxx xxxxx 

In this brane configuration, the D8 and D8 branes are parallel each other and intersect 
with the Nc D4 branes along directions (a;o, ■ ■ ■ ,2:3). All the others are the transverse 
directions to the intersection region. We assume the coordinate X4 to be compactified 
on a circle 5*^ , so it satisfies a periodic condition X4 ~ X4 + 6x4^. Then the fermions 
on the D4 brane with anti-periodic boundary condition on this circle get mass and are 
decoupled from the low energy effective theory. Also we assume the number of the color 
and flavor branes satisfies the condition Nf <^ N^. In this quenching approximation, the 
backreaction of the flavor branes on the color branes can be ignored. Due to the existence 
of the NS-NS B12 field, the coordinates xi and X2 are non-commutative 

[xi, X2] ~ b, (2.2) 

the low energy effective theory in the intersecting region is a non- commutative field the- 
ory. If let the non-commutative parameter vanish, the gravity background here reduces 
to the usual near horizon geometry of D4 branes without a NS-NS background field. 
So our model correspondingly goes to the Sakai-Sugimoto model [12]. This means that 
this holographic model is connected to Sakai-Sugimoto model through varying the non- 
commutative parameter b. Thus, the holographic model with a NS-NS B12 background 
field can be regarded as a non- commutative deformation to the Sakai-Sugimoto holo- 
graphic model. 

After compactifying the coordinate X4 and using the gravity background flA.3l) intro- 
duced in the appendix, we get the following gravity solution 
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1 -|- a^u^ 

C01234 = fi's h, C034 = b. 

In order to avoid the singularity, the coordinate X4 will be periodic with a radius 

An i?3/2 

x^r^ X4 + 5x4 = X4 + — — Yj^. (2.4) 



From this radius of the coordinate X4, we know it corresponds to a KK mass scale 

o o 1/2 

By using the solution (12. 3p . and doing a double Wick rotation between the coordinate 
t and X4, we obtain a black hole solution as follows 

ds"^ = (^^y^ [-Hdt^ + h{dx{ + c/a;2) + dxl + 6^X4] + (^ + M^d(]4), 

C01234 = S's ^, (^034 = ^■ 

Now the coordinates t and 0:4 are all compactified. The time coordinate t need to be 
periodic 

t^t + 5t = t+ (2.7) 

then this background is well-defined. And the corresponding temperature of this black 
hole is 

o 1/2 

Through a Hawking-Page phase transition at a critical point = ukk, the low temper- 
ature solution (12.31) will go to the black hole background (12. 6p . 



2.1 Low temperature phase 

For the low temperature phase, the dominated gravity background is the equation (12. Sp . 
Now we consider the dynamics of the probe D8-D8 brane in this background. Assume 
the transverse coordinate X4 of D8 branes is a function of the radial coordinate u, i.e. 
= X4^{u). Then the induced metric on the D8 branes is 




Using the D-brane effective action 
•S* = Sdbi + Scs, 
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Sdbi = -Tp j d^+'^e-'^^- det(P[G + B]^, + (2.10) 

i 

then we get the D8-brane action is 
and 

Scs = 0. (2.12) 

Except for the proportional coefficient, this action is same as the D8-brane effective in 
the D4-branes background without a NS-NS B12 background field. The reason is the h 
included in the term e"*^ will be canceled out with the same factor in the square root part of 
the DBI action. Thus, at low temperature, the NS-NS background field doesn't influence 
on the dynamics of the probe D8-brane in this non-commutative gravity background. Its 
dynamics is same with the usual commutative case [12] and [21] . 

Then one can get two different solutions from the equation of motion: one is the con- 
nected configuration of the D8-D8 branes, the other is the separated case. The connected 
solution corresponds to the chiral symmetry breaking phase, while the chiral symmetry 
is preserved for the separated solution. But the on-shell energy difference between the 
connected and separated solution is always negative, so this connected configuration is 
dominated in the low temperature phase [21j. The chiral symmetry is always broken 
U{Nf) X U{Nf) U{Nf)diiig, and the corresponding Nambu-Goldstone boson can be 
found through calculating the meson spectra |12j . 

2.2 High temperature phase 

In the high temperature phase, the corresponding gravity background is the black solution 
(12.61) . We still assume the transverse coordinate X4 of the flavor D8-brane depends on the 
coordinate u, then the induced metric on the D8-brane is 

ds"^ = ^ [-Hdt^ + h{dxl + dxl) + dxf\ 

^Here we don't turn on the gauge field on the D8 brane worldvolume, so to investigate the dynamics 
of D8-brane in the gravity background (|2.3p . it is enough to only use the effective action of one single 
flavor D8 brane. 
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So the effective action of tlie D8-brane is 

S ~ I duu^''-Hy\li'-l] H-^+l^y-r-^]. (2.14) 




Clearly, it still doesn't depend on the NS-NS background field, and is also same as the 
commutative case [12] except for the proportional coefficient. Then all the other analysis of 
the D8-D8 dynamics will be same. Through comparing the energy of these two solutions, 
one can find there exists two phase at high temperature. One is the chiral symmetry 
breaking phase, the other is chiral symmetry restoration phase. Between these two phases, 
it has a chiral phase transition at a critical temperature. Below this critical temperature 
the system is located at the chiral symmetry breaking phase i.e. U{Nf) x U{Nf) 
U{Nf)diag, otherwise it will be in the chiral symmetry restoration phase. 

2.3 Adding a magnetic field 

Now we introduce a constant magnetic field along the Xi and X2 directions 

27rFi2 = B, (2.15) 

on the flavor D8-brane@. This magnetic field is equivalent to a constant NS-NS B[2 field 
by the gauge invariance on the D8-brane. This NS-NS B[2 field will contribute a constant 
transportation to the NS-NS B12 field 

Snow = 5i2 + = 5 + i^^. (2.16) 

This new background is still a solution of the IIA supergravity. Since the dilation and 
R-R field in the gravity background all depend on the parameter b, this magnetic field B 
can't be canceled out through a redefinition of the parameter b. Then the flavor D8-brane 
effective action contains the contributions of the NS-NS B12 and magnetic field together. 
In the following we will analyze the effect of the parameters b and B on the flavor brane 
dynamics in details. 



Holographic models with a constant magnetic or electric field were studied in [22]-|25j. 
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2.3.1 Low temperature 



The induced metric on the flavor D8-brane is same as the equation (12.91) . After a magnetic 
field (I2.15P is turned on, the effective action of the probe D8 brane is 



S 



du 



u 



7/4 



^^h 



u 



r) ^ \~d^ 



(2.17) 



where the A{u) is defined as 



A{u) 



u 



+ 



S2 



(2.18) 



R^ + hH^ ' l + 2bB' 

It is clear that the factor A{u) can't be canceled each other with the h{u) in the action 
(I2.17P through introducing this magnetic field. If the magnetic field vanishes B = 0, then 
this effective action will reduce to the action (12.111) . 
Now the equation of motion from the action (I2.17P is 



dxA 



u 



5/2 



f^W) 



0. 



(2.19) 



Choose a boundary condition u' = at u = uq and perform an integratiorjf , we get a first 
derivative equation 



u 



5/2 



u 



u 



12 



(2.20) 



Then the u' equation is 



u \ h{uo)A{u)f{u) 



- 1 



(2.21) 



uoj h{u)A{uo)f{uo) 

Defining y = y^K = -^^^ and z = y~^, we can rewrite the above equation P{u) as 

,h{l)A{y)f{y) 



UO 



p 



' h{z)A{l)f{l) , 



(2.22) 



•^Here the ' denotes dx 
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So the shape of this connected D8-D8 brane solution is 

du 



xAu) 



P U) 



(2.23) 



The corresponding chiral symmetry in the effective field theory is broken because of this 
connected solution. Then the asymptotic distance between the D8 and D8 reads 



L 



du 2uo ''^ 



dz 



(2.24) 



/pR 3 Jo z^/^^/Piz)' 

We plot some figures [TH to show this asymptotic distance how to depend on the variable 
b, B and Ukk in this low temperature phascl. These figures shows the asymptotic 



2.0 
1.8 
1.6 
1.4 - 
1.2 - 
1.0 



0.6 



0.8 



1.0 



.Vkk 



Figure 1: The asymptotic distance L between the D8 and D8 varies with ukk at 6, B = 0. 





(a) (b) 

Figure 2: The asymptotic distance L: (a) 6 = 1, 2, 9 (red, blue, green) or (from top to 
bottom) and B = 1; {h) B = 0, 3, 9 (red, blue, green) or (from bottom to top) and 6=1. 



*In this section, we alway choose R = uq — 1 in doing the numerical calculations. 
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Figure 3 
bottom) 
Ukk = 1 



(a) (b) 

: The asymptotic distance L: (a) 6 = 1, 3, 5 (red, blue, green) or (from top to 
and Ukk = 0.5; (b) B = 1, 3, 5 (red, blue, green) or (from bottom to top) and 



distance L between the D8 and D8 brane is became larger with increasing the value yxK 
at arbitrary value b and B. For a fixed B and increasing b, then L is decreased. However, 
for a fixed b and increasing B, the distance L is also increased. So the magnetic field B and 
non-commutative parameter b have a converse contribution to the asymptotic distance L. 

Substituting the equation of motion fl2.20p into the effective action fl2.17p . we obtain 
the on-shell energy of this connected D8-D8 configuration 



S, 



connected 



du- 



U 




And the energy of the separated D8-D8 brane solution duX^ = is 



S. 



separated 



du- 

UKK VH'iJ')fiu) 



Then the energy difference of these two solutions is 



6S 



S. 



connected 
oo 



eparated 




du 



^ '^^{rJ P(u) 



f 



-1/2 



U 



u 



du 

UKK \/h{'^)f{u 



[z] 



dz 

z'^l^yh 
1 




-1/2 



VKK 



(2.25) 



(2.26) 



(2.27) 
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In the figures H] and [5l it shows this energy difference varying with the parameter B, 
b and yxK- We find the contribution of the parameters B and b are similar to the 





Figure 5: The energy difference 6S: (a) 6 = 1, 3, 5 (red, blue, green) or (from top to 
bottom) and i/kk = 0.5; (b) B = 0, 2, 5 (red, blue, green) or (from top to bottom) and 
Vkk = 0.5. 

energy difference 6S. And this energy difference is always negative at arbitrary values 
of the parameters b, B and yxK- So the connected D8-D8 brane configuration is always 
dominated, and the chiral symmetry of the effective non-commutative field theory is 
always broken in the low temperature. 
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2.3.2 High temperature 



If the magnetic field fl2.15p is included, the effective D8 brane action in the black hole 
background (12.61) is 



S 



u 



du- 



M \ 3/2 / Qx4^ 

r) \~du 



(2.28) 



Now the effective action contains the parameters B and b through the factor A{u) and 
h{u). Since the action (12.281) doesn't explicitly depend on the coordinate X4, the Hamil- 
tonian relative to the variable X4 is conserved. So the equation of motion is 



_d_ 

dxA 



0. 



(2.29) 



As the same way used at low temperature, we choose a boundary condition as m' = at 
M = Mo, it corresponds to the connected D8-D8 brane solution. Then we obtain a first 
derivative equation 



ul^'^^yH{uo)A{uo) 



Mo J 



(2.30) 



In the new variables y = ^ and z = y ^, the equation can be written as 



u' 
Q{u) 



r) \h{u)A{uo)H{uo)ul 



^-1 



H{zyA{z)h{l) 



\z^/^h{z)A{l)H{l) 
So the asymptotic distance between the D8 and D8 defines 



H{u 
H(z) 



(2.31) 



du 



2^0 
3 



dz 



(2.32) 



^/W) 3 Jo z^l^^fW) 

Through some numerical calculations, we plot figures [6], [7] and [H] about this asymptotic 
distance L varying with the parameter 6, B and yu- The asymptotic distance L of the 
D8 and D8 brane become larger with increasing the value B and a fixed value h. However, 
for a fixed 5, then L is decreased with increasing the value h. As at low temperature, the 



11 



0.5 



0.4 
0.3 
0.2 
0.1 



0.2 



0.4 



0.6 



1.0 



Figure 6: The asymptotic distance L is shown at 6, 5 = 0. 




L 

0.6 — 
0.5 — 
0.4 : 
0.3 : 
0.2 ; 
0.1 - 




(a) (b) 

Figure 7: The asymptotic distance L: (a) 5 = 0, 2, 6 (red, blue, green) or (from bottom 
to top) and 6 = 1; (b) 6 = 0, 2, 8 (red, blue, green) (from top to bottom) and B = 2. 

magnetic parameter B and non-commutative parameter b have a converse contribution 
to the asymptotic distance L between D8 and D8. 

For this connected D8-D8 brane solution, after inserting the solution into the effective 
action (12.281) . we obtain its on-shell energy 



S, 



connected 



U' 



u 



u) ^\r) Q{u)' 



(2.33) 



Similar as the low temperature case, there also exists a separated D8-D8 solution, and its 
energy is 



S. 



separated 



du 



U 



7/M(m) [R\ 



Uh 



3/4 



- 



(2.34) 
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Figure 8: The asymptotic distance L: (a) 6 = 0, 3, 6 (red, blue, green) or (from top to 
bottom) and yn = 0.5; (b) 5 = 1, 3, 6 (red, blue, green) or (from bottom to top) and 
VH = 0.5. 



So the difference of the energy is 

^connected '-^separated 



r"00 




1+ .uyHiu) 



RJ Q{u) 



i?3 Q{z) 

' dy y^\ (2.35) 

'VH vHy) 

We explicitly show this energy difference 6S in the figures [9] and [TOl 

It is clear that the energy difference between the connected and separated solutions 
has critical point yn"^, i.e. critical temperature T^. U B = b = 0, this holographic model 
becomes the Sakai-Sugimoto model. This chiral phase transition is studied in [21]. At 
6 = and a finite B, the chiral phase transition is also investigated in [23]. The results 
got here at 5 = 6 = or 6 = is all same as in [21] and [23]. At a fixed value b, 
the critical point value yn becomes smaller with increasing the value B in figure fTOlfa). 
However, it become larger with increasing the value b for a fixed B in figure [TOT b). The 
influences of the parameters B and b is very little. Just like the effects on the asymptotic 
distance, these two parameters also have converse contributions to the critical point of 
phase transition. 
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Figure 9: This figure is the energy difference SS a.t B = and 6 = 0. 

SS SS 




(a) (b) 

Figure 10: It is the energy difference 6S: (a) at -B = 0, 2, 5 (red, blue, and green) or (the 
length of the dashed line segment is increased) and 6=1; (b) at 6 = 0, 1, 5, 9 (red, blue, 
green and purple) or (the length of the dashed line segment becomes larger) and B = 1. 

Below these critical points, the energy difference 6S is negative, otherwise, it become 
positive. It means there exists two phases at high temperature. The phase transition 
is first-order between each other. Under the value i/h'^, the connected solution is dom- 
inated, then the chiral symmetry in the four-dimensional field theory will be broken 
U{Nf) X U{Nf) f/(A^/)diag- Otherwise, the dominated solution is the separated D8-D8 
configuration, and the chiral symmetry will be restored. 

3 General brane configuration 

In this section, we generalize to consider some other brane configurations. Here we mainly 
consider the color brane still is the D4-branes, so the corresponding gravity backgrounds 
are the equations 02.31) and 02.61) . 
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Firstly, let us consider the following brane constructions 

0123456789 

A^c D4 : X X X X X , , 

— (3.1) 
Nf D6, D6 : X X X X x x x 

A^/ D4, D4 : X X X X x 
The effective field theory on the intersecting region is some four- dimensional non- commutative 
theory. Follow the same method in the previous subsection, we can analyze the dynamics 
of these non-commutative field theory at strong coupled regime by supergravity approxi- 
mation. The effective action of the flavor brane in the low temperature background (12.31) 
and black hole background (12.60 are as follows 




For the flavor D6-brane, the parameter n is 11/4, while n = 9/4 for the D4-brane. The 
non-commutative parameter b is canceled in the effective action. So the classical dynam- 
ics of flavor brane is same as the commutative cases. At low temperature, the chiral 
symmetry is always broken. However, there exists a chiral phase transition in the high 
temperature phase. Below a critical temperature, the chiral symmetry is broken, it cor- 
responds to the connected D8-D8 brane solution. Otherwise, the solution is a separated 
brane conflguration, and this symmetry is restored. 

Also some three-dimensional non-commutative effective fleld theories can be con- 
structed through the following brane conflgurations 

0123456789 

A^c D4 : X X X X X 

— (3.4) 
Nf D6,D6 : X X X x x x x 

Nf D4, D4 : X X X x x 

Now the flavor D6 and D4-brane effective actions at low and high temperature background 

read 
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where the parameter m is equal to 9/4 for the D6-brane, and is 7/4 for the D4-brane. 
Again these effective action are same as the commutative cases. 

As the same discussions in the above subsections, one can turn on a magnetic field 
along the directions xi and X2 on the worldvolume of the flavor branes. Then in the 
flavor D-brane effective action there will exist some contributions of the B and b through 
A{u) and h{u). Here we list these effective actions: (a) for brane configurations fl3.ip . the 
corresponding effective actions are 




(b) for brane configurations (13.41) . the actions read 




Then we can investigate some effects of the NS-NS B12 and magnetic field B on the 
string coupled dynamics of the non-commutative effective field theory through using 
gauge/gravity correspondence. One will find some similar results as the previous sub- 
section. And maybe these holographic models can be used to study some condensed 
matter physics, for example the quantum Hall effect [36] . 

Also we can generalize to consider some other color brane background with a NS-NS 
field, and construct the general Dq/Dp-Dp brane configurations. Then one can study some 
infiuences of this NS-NS background field on some properties of the effective theories living 
on the intersecting parts of these brane configurations by the AdS/CFT correspondence. 

4 String in non- commutative background 

In this section, we consider the dynamics of a fundamental sting in the high temperature 
phase. We calculate the drag force of a quark moving through the QGP, and also study 
the Regge trajectory of a meson in this non-commutative QGP. 
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4.1 Quark in non-commutative QGP 

The Nambu-Goto action of a fundamental string is 

S = J dTday/-detg^p + ^ J P[B], g^p = daX^OpX^G^,. (4.1) 

We consider the two endpoints of a fundamental string separately attached on the black 
horizon and flavor D8-brane. Following the same way in [26] and [27], we parameterize 
the world-sheet coordinates of this fundamental string as r = t and a = u, and assume 
the endpoint (quark) on the flavor brane moving along the direction X2 with 

X2 = vt + ^{u). (4.2) 

Since there exists a rotational symmetry in the xi and X2 plane, it is equivalent to let 
quark moving along the direction xi. 

So the induced metric on the string worldsheet is 

(y^ \ 3/2 / U \ "^/^ 

— j {H -hv ), gra = Qar = (^"^j hv^' , 



9^<^=(^Y^'he'+(-X^'H-\ (4.3) 



where the ' denotes du- Then inserting it into the string action, we get 

S = / dtduC, 

27ra' 



C = hH-^v^ + (^^y hH^'^. (4.4) 

The NS-NS B12 fleld is a two- form along the directions Xi and X2. Since in the coordinate 
parameterizations the coordinate Xi is independent of the string world-sheet coordinates 
T and a, this NS-NS fleld doesn't have any contributions to the string action. The string 
world-sheet momentum of string world-sheet is deflned as 

dC 

d{drX2] 

where the canonical momentum is 11^ = d^iL. The string momentum is the energy 
associated by the fundamental string. So the drag force is 

-^-2^n, (4.6) 



= T^TTT-T = (4.5) 
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Since the string action (14. 4p doesn't explicitly depend on the variable ^, the canonical 
momentum 11^ is conserved relative to the parameter ^. Then the equation of motion is 
derived as 



1 - hH-^v^ 



(4.7) 



Here we need to choose "+" equation because the fundamental string is received a drag 
force. The h{u) is positive, and H{u) is at the horizon and is equal to 1 at infinity. 
So to preserve the quantity to be positive in the square root in the equation (14. 7p . the 
canonical momentum need to satisfy 

'MA 3/2 



where the coordinate Uc is chosen as 



ul = ^^ (-(1 - a^l - v') + y/(l - a3< - + ^a^uj, 
Thus we obtain the drag force is 



(4.^ 



(4.9) 



/ 



7 hf 



(4.10) 



27ra' \ RJ 

In the figure [m it shows this drag force how to depend on the non-commutative parameter 
b. At a fixed velocity v, the drag force will be decreased with increasing the value b. And 
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Figure 11: The drag force varies with the parameter b at v = 0.2, 0.4, 0.6, 0.9 (red, 
blue, green and purple) or (the length of the dashed line segment is decreased). Here we 
already choose i? = = 1 in plotting this figure. 
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at some large b, the drag force will vanish. Thus, the NS-NS B12 field can decrease the 
viscosity of the non-commutative QGP to a moving quark. 

If the parameter a is very small, then the Uc can be expanded as 



So at the leading order, the drag force becomes 



And if let the non-commutative parameter = = 0, this drag force reduces to the 
commutative case. 



4.2 Meson in non- commutative QGP 

Now we consider a meson moving through the non-commutative hot QGP. Here the black 
hole background is the metric (12.61) . Defined = x\+ x\, then this gravity background 
is written as 

Bp^ = Bup. (4.13) 

where the 5*^ part is omitted. To study a meson moving through the QGP with a velocity 
V, we instead to choose the meson to be rest, while boost a QGP wind along the direction 
X3 with a constant velocity v [29] and [30]. Then the final metric takes the following form 



ds'^ = -Adt^ + 2Bdtdx3 + Cdxl + g^^h [dp^ + p^dip^) + Quudu^, (4.14) 
where we have defined 



(I)-, 



A = Qxxi'^ - K cosh^ 1]), B = g^^K sinh r] cosh 1], C = 5f^.^.(l + i^'sinh^ r/), (4.15) 



sinh?7 = 7f, cosh?7 = 7, 7 = l/vl — f^. 

Now we study the open string in the background (14.141) and (14.151) . Here we focus on 
the chiral symmetry breaking phase at high temperature. The two endpoints of this open 



19 



string attach on the connected D8-D8 flavor brane. Then the worldsheet coordinates of 
the open spinning string can be parameterized as follows 

T = t, cr = p, {p = ut, Xs^a), u^a). (4.16) 

If we set the dipole distance of qq pair in the boundary is L, and the dipole is relative 
to the direction X3 at an angle 6 G [0,7r/2] in the (p, ^3) plane, then the a is chosen in 
the range — -^sin^^ < cr < ■|sin6'. And the boundary conditions for X3(p) is taken as 
X3(±-| sin 9) = ±-| cos 9. For the variable u{p), its boundary value satisfies m(±-| sin 9) 
00. Thus, the dynamics of open spinning string can be described by the Nambu-Goto 
action 



with the induced metric ga/3 = G^ydaX^dpx^ on the string worldsheet 

grr = -A + g^^hp^uj^, gra = Bx'3, g^a = gxxh + Cxf + guuu'"^- (4.18) 

Its determinant and the puUback of the NS-NS B12 field are 

- gi = - det gaf3 = gxxi'^ - K cosh^ 7] - hp'^uj'^){g.^.^h + guuu''^) + 
gl[l -K-il + Ksmh'v)hpW]xl 
P[B] = Bi2pcodadT, (4.19) 

where the sign ' in the formula denotes d^. From the formulas 04.171) and (14.191) . the 
equations of motion for the variables X3 and u read 

p = 9lx[l-K-{l + Ksmh'r^)hp'u'] ^,^ ^^^q) 

Q// D N Q f g^xguuil- K cosher] -hp'^uj^)u'\ 

OuW-gi - Bupuj) = -= (4.21) 

where p is a integral constant. Since the Lagrangian explicitly depends on the variable a, 
it means that the Hamiltonian is not conserved with respect to the variable a. Also the 
equation fl4.2ip explicitly depends on the variable a, the equations (14.201) and (I4.2ip are 
difficult to analytically solve. If the angular velocity uj is equal to zero, then the pullback 
of the NS-NS B12 field and the determinant of the induced metric (I4.19P don't explicitly 
depend on this variable. In this case, there exists two conserved charges. One is the 
Hamiltonian relative to the variable cr, the other is the p in the equation (14.200 . Such 
meson qq in QGP has been extensively studied in And there are not drag force 
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to the meson moving through the QGP by the arguments [28] and [31]. From equation 
fl4.2ip . if C(j = 0, then it is exphcitly symmetric under the transformation a ^ —o. The 
M'(cr) decreases in the range — -jsin^^ < a < 0, and is equal to zero at the critical point 
(7 = 0, then increases to infinity in the range < a < ^ sm9. 

For simplicity, we mainly consider the = 0, sin^ = 1, f = and a constant 

angular velocity u in the following. It means the dipole is vertical with the coordinate 
X3, and the shape of string is independent to the coordinate X3. So the determinant of 
the induced metric on string worldsheet becomes 

- 92 = - det gap = gxx{H - hp'^u^){g^^h + guuu'^)- (4.22) 

Since it must be non-negative, which implies there exists a constraint 1 > K + hp^uo"^. 
Thus, for a given angular velocity cu, the variable u{p) has a bound. We explicitly show 
this bound in the figure [121 The string shape must be located above the corresponding 



u 




Figure 12: This figure shows the bound for the u{p) aX u = 0.5, 1, 1.5, 3 (red, blue, 
green and purple (from bottom to top)). We choose the uh = R = 

curve for a fixed value u. 

Now the equations of motions fl4.20p and (14.211) become 

p = 

a.{^.-Bni^)^aJ^Ji^J^^). (4.23) 

Then we get the shape of this rotating string shown in the figure US] and dH Here we 
only plot the zero node (the times of crossing the u coordinate) solution and already set 
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15 



20 



Figure 13: It is the string shape with u = 1, 1.5, 3 (red, blue and green) or (from left to 
right) and 6 = 0. 
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(a) (b) 

Figure 14: The shape of string is shown: (a) at u = 1, 1.5, 3 (red, blue, green) or (from 
left to right) and 6 = 3; (b) at = 1, 1.5, 3 (red, blue, green) or (from left to right) and 
b = 5. 



R = uh = With increasing the angular velocity u at b = 0, the distance between quark 
and anti-quark is became smaller, and the lowest point of this string is increased. But at 
a finite b, the separation of quark and anti-quark is increased with increasing the angular 
velocity uj. At a fixed uj, the lowest point of this spinning sting is became smaller with 
increasing the non-commutative parameter b. 

With the equation fl4.17p and (I4.22p . we obtain the energy and the angular momentum 
for this spinning open string. The string energy is 



E 



da 



9'. 



l-K){h + 
y~92 \ Qxx 



UU /2^ 

u . 



(4.24) 



Tra' JO 

If subtracting the self-energy of the isolated quark and anti-quark, one can get the finite 
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bound energy of the qq. And angular momentum is derived as 

U I 9uu i2 



2 



J = — da-^^^^^ h + ^-^u" - — / daB,,p. (4.25) 

It corresponds to the spin of a meson qq in the boundary theory. Using the equations 
fl4.24p and (14.251) . the Regge trajectory i.e. the relations between E'^ and J, can be derived. 

Now we investigate the relations E'^{uj), J{uj) and E'^{J). Firstly, we consider the 
6 = case, and plot the figures [15] and [16] in beloAMj- The energy square E"^ and the 
angular momentum J have a maximum value at a special angular velocity value w. The 
function E'^{J) has two branches relative to the angular momentum J. With increasing 
the angular momentum (increasing the angular velocity), the E"^ is increased. After a 
maximum value, the value E"^ is decreased with decreasing the angular momentum J (but 
increasing the angular velocity). Since our model reduces to the Sakai-Sugimoto model 
at the case 6 = 0, these results here is same as in [25] and [28] . 

Then we consider a finite non-commutative parameter b at finite temperature. The 
figures [17] and [18] are plotted. Explicitly, the curves in figures still have these properties 
as in [TS] and [TH] However, because of the effects of the NS-NS B12 field, the curves 
become more smoothly. With increasing the parameter b, the energy square E'^ almost 
isn't changed, but the angular momentum J is increased. 

If the temperature vanishes, i.e. uh = 0, and 6 is a finite value, then the behaviors 
of the E'^{uj), J{uj) and E'^{J) are shown in the figures [T^ and [201 These results are 
very similar to the finite temperature cases. And if let the temperature and parameter 
to vanish together, then such results are already investigated in [25] and [28]. From the 
figures [T5l[2m it is clear when the angular velocity uj is equal to zero, then the angular 
momentum J vanishes. 

If chosen the angle between the dipole and X3 is 6' = 0, then the wind is parallel to the 
q-q dipole. Now the worldsheet coordinates parameterization (14.161) is not well defined. 
Instead, the string worldsheet gauge is chosen as 

T = t, a = X3, (p = ut, u{a), p{cr)- (4.26) 

Then the induced metric, its determinant and the pullback of NS-NS B12 field are listed 

as 

grr = -A + g^^hp^u"^, g^p = B, g^^ = C + g^xhp'"^ + fi-n^w'^, 
-g, = gl, {\-K-{\^K sinh^ n)hp''u? 



^ we set R = Uh = ^ and Mqo = 20 in the figures [TSlI^ 
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0.5 1.0 1.5 2.0 2.5 3.0 

(a) 



0.5 1.0 1.5 2.0 2.5 3.0 



(b) 



Figure 15: (a) E"^ varies with the angular velocity a; at 6 = 0; (b) The angular momentum 



J varies with a; at 6 = 0. 

E^2 




Figure 16: It is the Regge behavior E^{J) vs J at 6 = 0. 



+ (1 -K cosher]- hpW){hp'^ + ^—u'^) 



(4.27) 



Since the Lagrangian does not explicitly depend on the variable a, the Hamiltonian is 
conserved with respect to the variable a. Then the conserved constant q is defined as 



And the other equations of motion are 



Oct ^= Bi2pUJ 

pgl^huj'^il + K sinh^ r] + hp'"^ + ^u'"^) 



Bi2Ujp', 



(4.28) 
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(a) 



(b) 



Figure 17: (a) E"^ varies whit u a.t b = 0.5, 3, 5 (red, blue, green). The curved hues 
E'^{uj) is almost same at different constant value 6; (b) It is shown the relation between 
J and u; at 6 = 0.5, 3, 5 (red, blue, green) or (from bottom to top). 

E^2 
500 h 



400 



300 - 



200 - 



300 




Figure 18: E'^ varies with the angular momentum J at 6 = 0.5, 3, 5 (red, blue, green) or 
(from left to right). 



duiV^gs - Buujpp') = da 



gxxguuj'i- - K cosh r]-hp^uj^)u- 



(4.29) 



One can use the equation (14.281) and the equations of motion (I4.29P to calculate the 
dynamics of a open string in the gravity background (12.61) . In addition, the energy and 
angular momentum of open spinning string at the 6 = case are 



E 



J 



L 

1 r2 



L 

1 r2 

TTa' 



da 



da 



gl^(^l - K + {1 - K cosh^ r]) {hp'^ + 
uop^gl^h (l + /Tsinh^ t] + hp''^ + g^w'" 
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(a) 



(b) 



Figure 19: (a) E"^ varies with u at b = 0.5, 3, 5 (red, blue, green) and T = 0. These 
three curves are almost overlaped each other; (b) J varies with u at b = 0.5, 3, 5 (red, 
blue, green) or (from bottom to top) and T = 0. 
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Figure 20: This is the figure about E"^ varying with J at 6 = 0.5, 3, 5 (red, blue, green) 
or (from left to right) and T = 0. 



daBupp'. 



(4.30) 



Tca JO 

If the coordinate p is constant, and uj = 0, then it reduces to the similar case studied 
in [29] -[32]. Otherwise, if f = 0, then the metric determinant and the equations (I4.28p . 
f lCT]) and flCT]) reduce to 

-^4 = glil -K- hp'uj')il + hp'' + ^-^u'\ 

y / ' 

V-5'4 
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^ Bi2^p', 



-9 

' gxxguu{l - K - hp'^uj'^)u' 



E=— da 



J = — / rfa ^^^^ / rfai?i2pp'. 

One can discuss the relations of the energy E, angular momentum J with the angular 
velocity uj, and investigate the Regge trajectory behavior E'^{J). Here we only list these 
equations, the numerical calculations can be done by using the same method as before. 



5 Summaries 

In this paper, we construct a holographic model by the D4-D8/D8 brane configuration 
with a NS-NS B12 field. The effective theory on the intersecting region of this brane 
configuration is a four-dimensional non-commutative field theory. In the strong coupling 
regime, we investigate some underlying low energy dynamics of this theory by using the 
supergravity/Born-Infeld approximation. 

If don't turn on the gauge field on the flavor D8-brane, we find the effective D8- 
brane action is similar to the commutative case \12\ except for some coefficients. So all 
the dynamics, for example the chiral symmetry breaking, are same. However, with a 
magnetic field along the direction xi and X2, then the DBI action of the flavor D8-brane 
includes the non-commutative parameter b and magnetic field parameter B. We analyze 
their influences on the asymptotic distance L between D8 and D8 brane and the energy 
difference 6S of two solutions. In both the low temperature and high temperature phase, 
the distance L is increased with increasing the magnetic parameter at a fixed value b. 
However, the thing is conversed if increasing the non-commutative parameter 6 at a fixed 
value B. It means the parameter B and b have converse contributions to the asymptotic 
distance L. For the energy difference, it is always negative with arbitrary value B and 
b at low temperature. So the chiral symmetry is independent on the magnetic field and 
non-commutative parameter. And it is always broken. In the high temperature phase, 
the energy difference 6S between the connected and separated solutions has a critical 
temperature T^. At 6 = 0, our model reduces to the Sakai-Sugimoto model with a 
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magnetic field, and here the results is same as in [2^. At a finite fixed value b, the critical 
point t/H becomes smaller with increasing B. However, it become larger with increasing 
6 at a fixed B. As similar as the distance L, the contributions of the B and b are also 
conversed. This may be understood from the equation fl2.16p . in which the parameter 
B is proportional to 1/6. Below the critical points, the energy difference 6S is negative. 
Then the connected D8-D8 brane solution is dominated, the chiral symmetry is broken 
U{Nf) X U{Nf) — > U{Nf)diag- Otherwise, 6S is positive, and the dominated solution is 
the separated D8-D8 configuration, and the chiral symmetry will be restored. Thus there 
exists a first order chiral phase transition at these critical points. 

We also generalize to consider some other branes configurations. Some three- and four- 
dimensional non- commutative field theories are constructed through some intersecting 
brane configurations. The results is similar to the cases of D8-D8 brane configurations. 
Maybe these models have some applications to study the condensed matter physics or 
something else. 

And we investigated the dynamics of a fundamental string in the high temperature 
background (12.61) . We find the non-commutative parameter will decrease the drag force. 
The relations E'^{uj)^ ^^nd E'^{J) become more smoothly than the results without 

the non-commutative effects. With increasing the parameter b, the energy E"^ is almost 
unchanged, and the angular momentum J is became larger. 

There are some generalizations to this holographic model. The first one is to study 
the meson spectra through investigating the world-volume field fiuctuations on the fiavor 
brane. The fiuctuation DBI action is similar to the commutative case just like in [13j . 
however, the Chern-simons term contains some non- commutative contributions. Then 
one can investigate the Nambu-Goldstone bosons corresponding to the chiral symmetry 
breaking in the meson spectra. The second is to consider a chemical potential in this and 
other general holographic models by using the method in [23]. Also one can calculate the 
shear and bulk viscosity of non-commutative QGP as the similar way in [31]. Finally, 
following in [35j, to construct the baryons in this holographic model is also interesting. 
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A D-brane backgrounds with a NS-NS field 

In this appendix, we give the gravity backgrounds used in the main part of this paper. 

Turning on a constant NS-NS -Ba/a^ background field in a flat spactime, the open string 
in this background can be quantized. Then, due to this Bmn field, the field theory on 
the D-brane worldvolume is non-commutative [16]. The non-commutative parameter is 
proportional to this constant NS-NS Bmn field. 

The gravity solution of D-brane with a NS-NS Bmn field was constructed in [17j - 
[TU] . In the following, we mainly focus on the D4-brane backgrounds with a NS-NS Bmn 
background field. This supergravity solution is 

ds^ = [-dt^ + h{dxj + dxj) + dxl + dxl] + f^'\dr^ + r^d^l), 

r-^ 4 cos 6 

h-^ = sm^9f-^ + cos^e, (A.l) 

Bi2 = hf-He,n9, e^'^ = g^J-'/^h, 

Coi234 = g7\l - f-')hcOs9, Co34 = g;\l " siu^. 

where = {2TT)'^gsls- Actually, it is a bound state of the D2 and D4 brane [17]. The D2- 
brane extends along the t, x^ and X4 directions, and D4-brane's worldvolume coordinates 
are t and a;i_...^4. This solution can be got by applying the delocalization and rotation on 
a D3-brane and doing T-duality. The NS-NS B12 field is produced through the T-duality 
acting on the non-trivial gravity background. 
Define some parameters as 

u = r/a\ g's = ^^i 6 = a' tan 6*, 2 = ~^i,2- (A-2) 

If choose the limit a' 0, and let the above parameters to be fixed, then the gravity 
solution (lA.ip becomes^ 

j [-dt^ + h{dxf + dx'i) + dxl + dxf\ + i -^^^ j {du^ + u^dQl), 



^We already replace the g's,x[ 2 by 93^X1,2, and will set a' = 1 in the main part of this paper. 
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L-01234 = 5's a ' /i, Co34 = 5's " 

The gravity theory on this near horizon background is dual to a five- dimensional non- 
commutative field theory. Here the coordinates xi and X2 in the boundary theory is 
non-commutative, [a;i,X2] ~ h. One can generalize to consider some other bound states. 
For example, if consider the D4-D2-D2-D0 case, then one find the space coordinate X3 
and X4 of the boundary field theory will be non- commutative [T7j and [T9] . 
From the solution (lA.Sp . the curvature scalar is 

7^ ~ Qeff ~ QsNcU. (A.4) 

9eff 



And the effective string coupling constant is 

\9effJ 



^3/2 / , 2 \ 2/3 



where a^ff is an effective non-commutative parameter, if Oe// <^ 1, then it means the non- 
commutative effect can be neglected, and the non-commutative field theory will reduce 
to a commutative theory, when the following condition 

7^ < 1, < 1 (A.6) 

are satisfied, the low energy dynamics on the D-brane can be investigated by the super- 
gravity approximation. More detail discussions can be found in [19j. 
A non-extremal generalization of the supergravity solution flA.ip is 

ds^ = f-^l^ [-Hdt^ + h{dxl + dxl) + dxl + rfx^] + f''^{H-^dr'^ + r^rffi^), 

„ , ""h p3 ^'4m^c 

4 cos a 

h-^ = sin^ 9f-^ + cos^ 9, (A.7) 

B,, = hf-Hane, e"i' = glf-^'% 

C01234 = 9-\l - f-')hcos9, C034 = g;\l - r') sine. 

Then, in the decoupling limit ( ]A.2|) . the near horizon geometry of the metric ( 1A.7P is 

3/2 



4J; 



ds'^ = (^)^^ [-Hdf + h{dxj + dxl) + dxj + dxj] + (^—^ {H^^du^ + u^dVL 
H=l-^. (A. 
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The other background fields are same as the solution ( ]A.3I) . The corresponding effective 
theory in the boundary of the gravity background (lA.Sp is a finite temperature general- 
ization to the zero temperature case of the gravity background flA.3|) . 
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